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Calibration and Attitude Determination with Redundant
Inertial Measurement Units

Mark E. Pittelkau∗

Johns Hopkins University, Applied Physics Laboratory, Laurel, Maryland 20723-6099

A calibration filter is developed for redundant inertial measurement units, which are inertial measurement units
that have more than three sense axes. It is shown that for a Kalman filter based on an attitude measurement
model and an attitude kinematics model in the “model replacement mode,” a linear combination of the calibration
parameters is not observable and therefore cannot be estimated. This observability problem is not related to
dynamic observability, which requires calibration maneuvers. A null-space measurement equation, together with
the attitude measurement and kinematics models, provides complete observability so that all calibration parameters
can be estimated. Estimator performance without and with the null-space measurement update is demonstrated
via simulation results.

Introduction

A LIGNMENT and calibration of attitude and rate sensors is vital
to achieving high performance in a spacecraft attitude determi-

nation system. A calibration error model may comprise orthogonal
misalignment of attitude sensors, misalignment of the sense axes
of an inertial measurement unit (IMU), bias, and symmetric and
asymmetric scale factor errors in each IMU sense axis. An attitude
determination (Kalman) filter based on an attitude kinematics model
augmented with the calibration error model may be used to esti-
mate the calibration parameters. Such calibration filters have been
designed for three-axis IMUs.1−3 In this paper we consider the cali-
bration of an attitude determination system comprising a redundant
IMU (RIMU) and attitude sensors.

A RIMU is an IMU that has more than three sense axes; we are not
concerned with functional redundancy of the electronics. All sense
axes are active in the present context and we assume that the RIMU
senses angular rate in all three spatial dimensions. The Northrop–
Grumman (formerly Litton) space inertial reference unit (SIRU),
which comprises four hemispherical resonator gyros, is an example
of a RIMU. The axis orientations of the first-generation SIRU and
the second-generation SIRU are shown in Figs. 1a and 1b. A pair of
IMUs operating simultaneously, each containing at least three sense
axes, also falls under the definition of a RIMU even though the IMUs
are in separate housings. This is illustrated in Figs. 1c and 1d. The
skew arrangement of two IMUs in Fig. 1c is optimally redundant,
whereas the parallel arrangement in Fig. 1d, which is commonly
found on spacecraft, is not optimal. One optimal arrangement of n
gyros has one gyro along a cone axis and n − 1 gyros equally spaced
on the cone with half-angle cos−1 √

[(n − 3)/(3n − 3)] (Refs. 4 and
5). Another arrangement has any number of gyros equally spaced
on a cone with half angle cos−1 √

(1/3). These geometries include
symmetric arrangements of 4, 3, 4, 6, and 10 gyros in a tetrahe-
dron, hexahedron (cube), octahedron, dodecahedron, and icosahe-
dron. These regular polyhedra are the Platonic solids, of which there
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are only five. Various optimum RIMU geometries are discussed in
Refs. 4 and 5, and examples can be found in Refs. 6–11. Geometry
for RIMUs comprising two degree-of-freedom gyros, such as the
dry-tuned rotor units from Kearfott, is discussed in Ref. 12.

A RIMU is used in systems that demand high availability, ac-
curacy, and redundancy. Many spacecraft carry a pair of three-axis
IMUs that are not normally operated simultaneously and are cali-
brated separately. Their interlock (relative alignment) can be esti-
mated by treating them as a single redundant six-axis IMU. Cal-
ibration of both IMUs simultaneously can result in more precise
and more consistent calibration with fewer calibration maneuvers,
thereby minimizing interruption of operation of the spacecraft and
reducing the ground support cost of calibration.

Attitude dynamics may be modeled by the quaternion kinematic
equation

dq
dt

= 1

2
ω̄ ⊗ q, ω̄ =

[
ωb

0

]
(1)

where ωb is the inertial angular rate in body coordinates and q is the
attitude quaternion that describes the orientation of the spacecraft
body frame with respect to an inertial frame. The attitude measure-
ment is of the form

y = h(q) (2)

The body angular rates ωb = [ωb
x , ω

b
y, ω

b
z ]T are measured by

ωm = Gωb − e (3)

where G is the n × 3 mapping matrix whose rows are the nominal
direction vectors of the n sense axes written in body coordinates,
ωm = [ωm

1 ,ωm
2 , . . . ,ωm

n ]T is a vector of measured angular rates,
and e is a vector of errors due to noise, bias, scale factor error, and
misalignment. The body angular rate ωb is obtained through the
pseudoinverse G† = (GT G)−1GT such that

ωb = G†(ωm + e) (4)

(The inverse of GT G exists because we have already assumed that G
is full column rank; i.e., the redundant IMU senses rates in all three
spatial dimensions. Having all sense axes in a plane would violate
this assumption.) We now substitute the angular rate from Eq. (4)
into the attitude kinematics model, Eq. (1), whereupon the measure-
ment noise in the gyro becomes process noise in the attitude kine-
matics model. This substitution is known as “model replacement”13

because otherwise we would have to use Euler’s equation of motion
to model the dynamics of the spacecraft.

It should be evident that because G† is a 3 × n matrix, there is
a linear combination eN of the errors e for which G†eN = 0 when
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a) First-generation SIRU

b) Second-generation SIRU

c) Skewed pair of IMUs

d) Parallel pair of IMUs

Fig. 1 Some redundant IMU configurations.

n > 3, in fact any eN in the right null space of G† (the left null space
of G). Therefore one should expect that a linear combination of gyro
biases, scale factor errors, and misalignments does not affect the at-
titude quaternion q in Eq. (1) and is not observable in measurements
of attitude in Eq. (2). It is shown in Ref. 9 that n − 3 linear com-
binations of n biases and 3n − 9 linear combinations of 3n scale
factors and misalignments are observable in the null space. (Only
symmetric scale factors were considered in Ref. 9.) Conversely, only
three linear combinations of n biases and nine linear combinations
of 3n scale factors and misalignments are observable in attitude,
that is, through the left range space of G, which is the orthogonal
complement of the left null space of G. Thus, using only Eqs. (1),
(2), and (4) in the calibration (Kalman) filter leaves the null space
unobservable in the model. This is not related to dynamic observ-
ability, which requires attitude maneuvers to make the calibration
parameters observable. It can be shown that if scale factors are not
estimated and no sense axes are parallel, then all misalignments are
dynamically observable for n ≤ 4 with only the measurement mod-
els in Eqs. (2) and (4). Simulation results and other analyses show
that asymmetric scale factors are fully observable through the left
range space of G and unobservable through its left null space. Ob-
servability is discussed further in Refs. 9 and 10 and demonstrated
in the Results section of this paper.

A calibration filter incorporating a fully observable model is de-
veloped in this paper and demonstrated via simulation results. Full
observability is achieved with a null-space rate measurement model.
The relationship between the null-space rate measurements and the
parity vector used in fault detection and isolation (FDI) in inertial
navigation systems is discussed in Appendix A.

A suboptimal least-squares calibration method for RIMUs is
found in Ref. 14. A calibration filter for RIMUs was developed
in Ref. 15, but results were shown for only three gyro axes; for
RIMUs it was suggested that the calibration be repeated for every
combination of three (noncoplanar) axes. A calibration filter was
developed in Refs. 16–19 for the SIRU on the Aqua (EOS PM-1)
spacecraft and simulation results were presented. The filter requires
knowledge of all torques on the spacecraft (disturbance torque and
wheel or other control torque), wheel momentum, and spacecraft
inertia, which are generally not known accurately. The true gyro
bias vector that was simulated has no component in the left null
space of the body-to-gyro mapping matrix G.

Before continuing, it is important to ponder an obvious question:
Why should we care about an unobservable linear combination of
parameters that does not affect attitude? For systems requiring high
availability of IRU measurements, it may be intolerable to wait for
reconvergence of parameters when one or more gyro axes are lost.
Likewise, two IMUs are not coaligned and calibrated if some mis-
alignments and scale-factor errors or combination thereof are not
estimated due to lack of observability; often one of the two IMUs
is turned off during normal operation on a spacecraft. Furthermore,
if the covariances do not converge to a small value due to unob-
servability, we cannot know the accuracy of the observable part of
the estimated parameters. The covariance matrix can be ill condi-
tioned if a linear combination of covariances converges to a small
value while another linear combination remains large. Estimates of
unobservable parameters and their covariance can drift, thereby po-
tentially causing numerical problems in the Kalman filter. In systems
that require high availability and reliability, we need to estimate all
parameters so that gyro performance can be monitored. A bad gyro
may exhibit increased drift or scale factor error, for example. For
these reasons it is important to obtain a fully observable model of
the system.

Calibration Model
Calibration models were derived in Refs. 1 and 2 and in

Refs. 15–19. We rederive them here in a more general way and
with new notation.

The angular rate ω
g
i at the i th gyro axis is given by the projection

of the body angular rate ωb onto the i th gyro axes w̄i :

ω
g
i = w̄i · ωb = w̄T

i ω
b (5)

We stack n of these into a vector to form the n × 1 sensed angular
rate vector ωg:

ωg =




ω
g
1

ω
g
2
...

ω
g
n


 =




w̄T
1

w̄T
2
...

w̄T
n


ωb = W̄Tωb = Ḡωb (6)

where W̄ = [w̄1, w̄2, . . . , w̄n] and Ḡ = W̄T .



PITTELKAU 745

The vectors w̄i represent the true directions of the gyro sense axes.
We know only the nominal vectors wi , which can be related to the
true vectors by a small-angle transformation

w̄i = (I + [δi×])wi = wi − [wi×]δi (7)

where δi is a small-angle rotation vector. Note that any component
of δi in the direction of wi has no effect, so δi has the minimal
parameterization

δi = δui ui − δvi vi (8)

where ui , vi , and wi are a mutually orthogonal triad and where δui

and δvi are small-angle rotations about the axes ui and vi . From
Eq. (8) we have the misalignment model

w̄i = wi − δui vi − δvi ui (9)

The vectors w̄i may be normalized by dividing by (1 + δ2
ui + δ2

vi )
1/2.

This is not necessary because scale factors can absorb this normal-
ization. One only needs to be consistent in applying the model to
avoid introducing errors into the calibrated gyro measurements.

We shall later need the matrices

U = [u1 u2 · · · un] (10a)

V = [v1 v2 · · · vn] (10b)

W = [w1 w2 · · · wn] (10c)

The nonunique orthonormal basis vectors ui and vi can be computed
easily using the QR decomposition with pivoting (Ref. 20, pp. 211–
236) of the matrices I − wi wT

i or of the 3 × 3 matrices [wi 0 0],
though care should be taken to ensure, for the sake of consistency,
that the triad [ui vi wi ] is right-handed. The vectors ui and vi can
be any right-handed orthonormal pair in the plane perpendicular to
wi , but once chosen they must be fixed. Analytic expressions for ui

and vi can be derived for specific IMU geometries. Another method
of computing ui and vi is described in Refs. 16–19.

For n gyro axes, we have from Eqs. (6) and (9) the misalignment
model


ω
g
1

ω
g
2
...

ω
g
n


 =




wT
1

wT
2
...

wT
n


ωb −



ωb · v1 0 0 0

0 ωb · v2 · · · 0
...

...
. . .

...

0 0 · · · ωb · vn







δu1

δu2
...

δun




−



ωb · u1 0 · · · 0

0 ωb · u2 · · · 0
...

...
. . .

...

0 0 · · · ωb · un







δv1

δv2
...

δvn


 (11)

or more compactly,

ωg = WTωb − Cv(ω
b)δu − Cu(ω

b)δv (12)

where δu = [δu1, δu2, . . . , δun]T and δv = [δv1, δv2, . . . , δvn]T .
The measured angular rate from the i th gyro is given by

ωm
i = (

1 − λi − µi sign
(
ω

g
i

))
ω

g
i − bi − ηi (13)

where bi is the bias, λi is the symmetric scale factor error, µi is the
asymmetric scale factor error, and ηi is white noise. We stack the
ωm

i into a vector to get the RIMU measurement model

ωm = (I − Λ − M)ωg − b − η (14)

where b = [b1, b2, . . . , bn]T , η= [η1, η2, . . . , ηn]T , Λ= diag(λ1,
λ2, . . . , λn), and M = diag(µ1s1, µ2s2, . . . , µnsn) with si =

sign(ω
g
i ). At this point we can define the 5n × 1 calibration pa-

rameter vector p as

p =




b

λ

µ

δu

δv


 (15)

where λ= [λ1, λ2, . . . , λn]T and µ= [µ1, µ2, . . . , µn]T .
Now define ∆u = diag(δu1, δu2, . . . , δun) and ∆v = diag(δv1,

δv2, . . . , δvn). From Eq. (9), we have

W̄ = W − U∆v − V∆u (16)

Equations (11) and (12) can now be written

ωg = (W − U∆v − V∆u)
Tωb = Ḡωb (17)

From Eqs. (14) and (17) we get

Ḡωb = (I − Λ − M)−1(ωm + b + η) (18)

In the model replacement mode of the attitude determination filter,
ωm is assumed to be known and ωb is a function of ωm and p. Thus
we also need the partial derivative of ωb with respect to p. From
Eq. (18) we have

∂

∂pT
Ḡωb = ∂

∂pT
(I − Λ − M)−1(ωm + b + η) (19)

from which we obtain, with the aid of Eq. (12),

Ḡ
∂ωb

∂pT
− [0 0 0 Cv Cu]

= (I − Λ − M)−1
[
I diag

(
ω

g
i

)
diag

(∣∣ωg
i

∣∣) 0 0
]

(20)

Although it is not strictly necessary, it is convenient in the deve-
lopment in the next section to combine the scale factor matrix with
Ḡ, so we have

G
∂ωb

∂pT
= C (21)

where

G = (I − Λ − M)Ḡ = (I − Λ − M)(W − U∆v − V∆u)
T (22)

and where
C =[
I diag

(
ω

g
i

)
diag

(∣∣ωg
i

∣∣) (I −Λ− M)Cv(ω
b) (I −Λ− M)Cu(ω

b)
]

(23)

From Eqs. (18) and (22) we have

Gωb = ωm + b + η (24)

and from Eqs. (21) and (22) we obtain the sensitivity matrix

∂ωb

∂pT
= G†C (25)

where both G and C depend on the parameter vector p and C depends
also on the angular rates ωg and ωb, which are also functions of p.
(In Ref. 21, C is an approximation and G is constant.)

Calibration Filter
A fully observable formulation of the measurement model is in-

troduced in the next section and then an extended Kalman filter
formulation is derived. The model could also be implemented in
a least-squares algorithm. An optimal least-squares algorithm for
RIMUs is an extension of the algorithm in Ref. 22, but we will
not pursue its development here. The Kalman filter developed in
the following sections is preferred for reasons of simplicity, for
ease of modeling of process noise, and for autonomous real-time
calibration.
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Fully Observable Formulation
An orthogonal basis N for the left null space of G has the prop-

erties

NT G = 0 (26a)

NT N = I (26b)

We augment Eq. (24) with the null-space basis N to get

[G N]

[
ωb

0

]
= ωm + b + η (27)

This augmentation does not change the equation, but we now have
a square full-rank matrix [G N]. Because this matrix is invertible,
we can solve Eq. (27) to obtain[

ωb

0

]
=

[
G†

NT

]
(ωm + b + η) (28)

The first row of Eq. (28) is the range-space equation

ωb = G†(ωm + b + η) (29a)

and the second row of Eq. (28) is the null-space equation

0 = z = NT (ωm + b + η) (29b)

A procedure for computing the null-space basis N and the pseu-
doinverse of G is given in Ref. 20, pp. 211–236, although analytical
expressions can be obtained for specific sensor geometries.6−11

We have to show that the process noise G†η in Eq. (29a) and
the measurement error NTη in Eq. (29b) are uncorrelated, so that
the null-space measurement can be used directly in a Kalman filter
without resort to modified gain and covariance equations.23 The
error term in Eq. (28) is

ε =
[

G†

NT

]
η (30)

The covariance matrix of the noise vector η is

E{ηηT } = Σ (31)

where E{ · } is the expectation operator. The covariance of ε is easily
calculated to be

E{εεT } =
[
(GT G)−1GT ΣG(GT G)−1 (GT G)−1GT ΣN

NT ΣG(GT G)−1 NT ΣN

]
(32)

The measurement error and the process noise are uncorrelated if
and only if (GT G)−1GT ΣN = 0. This holds for the general form
Σ= G(GT G)−1/2Σ1[G(GT G)−1/2]T + NΣ2NT , whereΣ1 is a 3 × 3
covariance matrix and Σ2 is an (n − 3) × (n − 3) covariance matrix.
For isotropic error, Σ1 = σ 2I3 and Σ2 = σ 2In − 3, so that Σ= σ 2In ,
and the covariance of ε is

E{εεT } = σ 2

[
(GT G)−1 0

0 I

]
(33)

General, Fully Observable Formulation
We will now remove the restriction that the gyro errors be

isotropic. Nonisotropic errors may exist if two IMUs of different
types and performance are operated simultaneously or if some axes
in a redundant IMU fail gracefully and exhibit greater noise output
than other axes.

Factor the RIMU noise covariance matrix Σ such that XXT =Σ
and define

G� = X−1G (34)

The weighted left null-space matrix N� is such that NT
�G� = 0 and

NT
�N� = I. The matrices N� and G†

� are computed from G� in the

same way that N and G† are computed from G. Relationships be-
tween G†

� and G† and between N� and N are shown in Appendix B.
We now premultiply Eq. (24) by X−1 and then augment it using

N� . Solving the system of equations yields the weighted range-space
equation

ωb = G†
�X−1(ωm + b + η) (35a)

and the weighted null-space equation

0 = z = NT
�X−1(ωm + b + η) (35b)

The error term is

ε =
[

G†
�

NT
�

]
X−1η (36)

from which we easily calculate the covariance of error to be

E{εεT } =
[
(GT Σ−1G)−1 0

0 I

]
(37)

Because the off-diagonal blocks are zero, the process noise G†
�X−1η

in the weighted range-space equation (35a) and the measurement er-
ror NT

�X−1η in the weighted null-space measurement equation (35b)
are uncorrelated. Thus the null-space measurement equation (35b)
may be used directly in a Kalman filter. Furthermore, it is signifi-
cant that null-space measurement error has a diagonal covariance,
namely the identity matrix I, because the Agee–Turner measurement
update algorithm24 can be applied directly as part of a square-root
implementation of the filter.

The weighted range-space sensitivity matrix that corresponds to
Eq. (35a) is obtained by premultiplying Eq. (21) by X−1 to obtain

∂ωb

∂pT
= G†

�X−1C (38a)

The weighted null-space sensitivity matrix that corresponds to
Eq. (35b) is

∂z
∂pT

= NT
�X−1C (38b)

Attitude Measurement Model
Although the attitude kinematics was written in terms of the

quaternion and its time derivative in Eq. (1), for many practical rea-
sons we do not advocate using the quaternion as a filter state.25−28

Instead, a small-angle rotation vector φ̃ (perturbation state) models
the true attitude q relative to a nearby reference attitude.13,29,30 The
reference attitude is the a priori attitude estimate q̂ in an extended
Kalman filter. Thus we have

q = q(φ̃) ⊗ q̂ (39)

In general, an attitude sensor may be parameterized with a small-
angle rotation vectorδ j = δ̂ j + δ̃ j to model misalignment, where the
subscript j denotes the j th attitude sensor, δ̂ j is the a priori estimate,
and δ̃ j is the perturbation state. The attitude measurement model
has the general form

y j = h(δ̃ j , δ̂ j , φ̃, q̂) + ν j (40)

where ν j is white measurement noise with covariance
E{ν jν

T
j } =Σν j . It is shown in Refs. 1 and 2 how to derive the mea-

surement sensitivity matrix for quaternion, vector, and focal plane
measurement models. The derivation of the measurement sensitiv-
ity matrix for quaternion measurements may be somewhat obscure
in Ref. 1 and is made clearer in Ref. 29. The sensitivity of y j to
attitude is

H ( j)
φ = ∂y j

∂φ̃
T

= ∂

∂φ̃
T

h(δ̃ j , δ̂ j , φ̃, q̂) (41)
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and the sensitivity of y j to misalignment is

H ( j)
δ j

= ∂y j

∂δT
j

= ∂

∂ δ̃
T

j

h(δ̃ j , δ̂ j , φ̃, q̂) (42)

These sensitivity matrices are evaluated at φ̃= 0 and δ̃ j = 0. For
m attitude sensors, we can write the measurements, misalignments,
and measurement noise as tall vectors:

y =




y1

y2
...

ym


 , δ =



δ1

δ2
...

δm


 , ν =



ν1

ν2
...

νm


 (43)

and the corresponding measurement sensitivity matrices are

Hφ =




H (1)

φ

H (2)

φ

...

H (m)

φ




, Hδ =




H (1)

δ1 0 · · · 0

0 H (2)

δ2 · · · 0
...

...
. . .

...

0 0 · · · H (m)

δm


 (44)

The covariance of the measurement error vector ν is

Σν = E{ννT } =




Σν1 0 · · · 0

0 Σν2 · · · 0
...

...
. . .

...

0 0 · · · Σνm


 (45)

From these definitions, we can write the linearized measurement
model with the first-order approximation

ỹ = y − ŷ � Hφφ̃ + Hδ δ̃ + ν (46)

where ŷ = h(
ˆ̃δ, δ̂,

ˆ̃φ, q̂) and where ˆ̃δ, ˆ̃φ, δ̂, and q̂ are a priori
estimates with ˆ̃δ= 0 and ˆ̃φ= 0. Naturally we will use the non-
linear measurement equation (40) to compute the residual in the
extended Kalman filter. For quaternion “measurements,” the resid-
ual should be computed as the principal rotation vector from the
predicted measurement ŷ to the actual measurement.29

Putting It All Together
The estimated angular rate is given by the expectation of Eq. (35a)

conditioned on past measurements, which is approximately [because
Eq. (35a) is nonlinear]

ω̂b = ωb|p = p̂ = Ĝ†
�X−1(ωm + b̂) (47)

where Ĝ� is given by Eq. (34) with G defined in Eq. (22) evaluated
at the a priori estimate p̂ = p̂k|k − 1. Following Ref. 13 or Ref. 29, the
linearized attitude dynamics equation is

dφ̃

dt
= −ω̂b × φ̃ + ω̃b (48)

where φ̃ is a small-angle rotation vector (attitude perturbation)
and where ω̃b =ωb − ω̂b. Expanding ωb in a Taylor series about
p̂ yields, to first order in p̃ = p − p̂,

ω̃b =
(
ωb|p = p̂ + ∂ωb

∂pT

∣∣∣∣
p = p̂

p̃

)
− ω̂b

= ∂ωb

∂pT

∣∣∣∣
p = p̂

p̃ + Ĝ†
�X−1η (49)

Substituting this into Eq. (48), with the partial derivative given by
Eq. (38a), yields the attitude dynamics model

dφ̃

dt
= −ω̂b × φ̃ + Ĝ†

�X−1Ĉp̃ + Ĝ†
�X−1η (50)

Equation (50) is accurate to first order in the perturbation states φ̃
and p̃. Second-order linearization errors and nonlinear stochastic
effects can produce biased estimates in an extended Kalman filter,
but results have not revealed any significant bias.

The state perturbation equations are

φ = φ̃ ◦ φ̂ (51a)

p = p̂ + p̃ (51b)

δ = δ̂ + δ̃ (51c)

The composition of rotation vectors in Eq. (51a) can be effectively
computed by the quaternion composition (see Ref. 29, Appendix)

q(φ) = q(φ̃ ◦ φ̂) = q(φ̃) ⊗ q(φ̂) (52)

where q( · ) is the quaternion computed from its argument.
The gyro calibration parameters and attitude sensor misalign-

ments are assumed to be constant, but we introduce a small amount
of white process noise to model slow variations in the parameters
and to ensure numerical stability of the covariance update. The gyro
bias components of the parameter vector are driven by a larger pro-
cess noise and may be modeled with a Markov model rather than a
random walk model. The random walk model is usually adequate
and is preferred for simplicity. The dynamics of the parameters are
thus modeled by

d p
dt

= η p (53a)

dδ

dt
= ηδ (53b)

where η p and ηδ are white noise processes with covariance
E{η pη

T
p } =Σp and E{ηδη

T
δ } =Σδ . These covariance matrices are

usually diagonal.
We can now write a single differential equation for the dynamics

of the state, gyro parameters, and sensor alignments from Eqs. (50),
(53a), and (53b):

d

dt



φ̃

p̃

δ̃


 =


−[ω̂b×] Ĝ†

�X−1Ĉ 0

0 0 0

0 0 0






φ̃

p̃

δ̃




+


Ĝ†

�X−1 0 0

0 I 0

0 0 I





 η

η p

ηδ


 (54)

The linearized attitude measurement model and the null-space
rate measurement model can be combined into one equation:

[
ỹ

z̃

]
=

[
Hφ 0 Hδ

0 N̂T
�X−1Ĉ 0

]
φ̃

p̃

δ̃


 +

[
ν

N̂T
�X−1η

]
(55)

From Eq. (35b), the null-space measurement prediction is

ẑ = N̂T
�X−1(ω̂m + b̂) (56)

Noting that because the null-space rate measurement is z = 0, the
weighted null-space measurement residual is simply z̃ = z − ẑ = −ẑ.

For the nonredundant system of n = 3 gyro axes, we have
G†

�X−1 = G−1 and the null-space measurement equation vanishes
(its dimension is zero), so the model reduces to essentially the one
in the calibration filter in Ref. 1. (In the present model the asymmet-
ric scale factor is included and the symmetric scale factor is modeled
separately from the gyro misalignments.)
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Model-Order Reduction
The IMU and attitude sensor alignment parameters overparam-

eterize the alignments so that there are three unobservable degrees
of freedom, one in each of the three body axes.1,2 The three unob-
servable degrees of freedom are removed by choosing one of the
attitude sensors or the IMU as the reference sensor, which is not pa-
rameterized with a misalignment vector and which defines the body
reference frame.2 It was shown in Ref. 2 how to reduce the order
of the IMU alignment model when the IMU is the reference sensor.
This is not so obvious for a RIMU. A means to reduce the order of
the RIMU alignment model is the subject of Ref. 31.

It is well known that a linear combination of parameters in the
null space of G can be estimated with angular rates only,9,10,32−34

and so one should be able to partition the model such that a linear
combination of parameters observable through the left range space
of G is estimated in the Kalman filter and an orthogonal linear
combination of parameters observable through the left null space
of G is estimated in a separate filter using only rate measurements.
Such a partitioning is beyond the scope of this paper.

Attitude Determination with Redundant Gyros
A real-time attitude determination filter usually contains only

attitude and gyro bias states. With redundant gyros, the attitude
determination filter can be obtained by removing all calibration pa-
rameters except the biases bi from the calibration model. This leaves
C = I and p = b. Equations (35a) and (35b) and their sensitivities
in Eqs. (38a) and (38b) are unchanged except that G and N are
constant.

In the case of a nonredundant system of n = 3 gyro axes,
G†

�X−1 = G−1 and the null-space measurement equation vanishes,
so the model reduces to the one in the usual six-state attitude deter-
mination filter13,29 that comprises three attitude perturbation states
and three gyro bias states. Note that in both Refs. 13 and 29 it was
assumed that G = I. The formulation here is completely general.

Implementation
The calibration filter was implemented using the modified

weighted Gram–Schmidt (MWGS) and Agee–Turner algorithms for
covariance factor propagation and update.24 The factorized process
noise matrix and covariance factor propagation were implemented
in a manner similar to that described in Refs. 1 and 2. The filter is
essentially an extension of those reported in Refs. 1 and 2 with the
addition of the null-space measurement update.

Because most gyros produce incremental angle (integrated rate)
measurements instead of rate measurements, the measurement
model, Eq. (6), has to be rewritten in terms of incremental angle
measurements

θ
g
k =

∫ tk

tk − 1

ωg(t) dt

where tk − 1 and tk are the sample times of the attitude measurement.
We then have the range-space and null-space estimates

θ̂
b

k = Ĝ†
�X−1

(
θm

k + Tk b̂k|k − 1

)
(57)

ẑk = N̂T
�X−1

(
θm

k + Tk b̂k|k − 1

)
(58)

where Tk = tk − tk − 1 and where θb
k is the integrated body angular-

rate vector over the interval tk − 1 to tk . In practice the vector θm
k

comprises, for each gyro, the sum of the measured angular incre-
ments from time tk − 1 to time tk . The discrete-time measurement
error

ηk =
∫ tk

tk − 1

η(t) dt

has covariance TkΣ. Because the RIMU measurements are angu-
lar increments rather than rates, the sensitivity matrix in Eq. (23)

becomes

Ck =[
TkI diag

(
θ

g
i

)
diag

(∣∣θ g
i

∣∣) (I −Λ− M)Cv

(
θb

k

)
(I −Λ− M)Cu

(
θb

k

)]
(59)

Note that
∫ |ωg

i | dt ≥ | ∫ ω
g
i dt | = |θ g

i |. Thus an error occurs when
ω

g
i changes sign during the integration interval. This error is small

if the integration interval is small and inconsequential because the
zero crossings are infrequent for calibration maneuvers.

It is a matter of convenience that the null-space measurement
update be performed at the time of the attitude update. It could be
performed at other times or less frequently than the attitude updates,
although there does not seem to be any significant computational
advantage in doing so. The angular increment can be over an inter-
val shorter than the time between attitude measurements, as long
as the discrete-time null-space measurement covariance is scaled
accordingly.

Calibration Filter Results
The system considered comprises two star trackers and a RIMU

with four gyro axes. For generality, rotational misalignment is mod-
eled at each sensor. We choose star tracker 1 to be the reference
sensor, and so the misalignment of star tracker 1 is set to zero and
is not estimated. This prevents three degrees of freedom of attitude
from being unobservable.2 Sensor parameters and filter initialization
parameters are given in the next subsection and the calibration ma-
neuver is defined. Estimation results are then given, first without the
null-space measurement update to illustrate the lack of observabil-
ity discussed in the Introduction. Estimation results are then given
to demonstrate that all parameters are estimated correctly when up-
dated with the null-space measurement.

Parameters
The IMU geometry is the SIRU configuration in Refs. 16–19,

which is Fig. 1a rotated 90 deg about the z axis. The nominal U, V,
and W matrices for this configuration are

U =




−√
1/3 −√

5/6 −√
5/6 1

0 −√
1/10

√
1/10 0

−√
2/3

√
1/15

√
1/15 0




V =




0 0 0 0

1
√

2/5
√

2/5 1

0
√

3/5 −√
3/5 0




W =




√
2/3 −√

1/6 −√
1/6 0

0
√

1/2 −√
1/2 0

−√
1/3 −√

1/3 −√
1/3 1


 (60)

The matrices U and V are given because they are not uniquely
determined from W. A basis for the left null space of Go = WT is

No = [√
1/6

√
1/6

√
1/6

√
1/2

]T
(61)

The true gyro axis directions are the columns of W rotated by the
δu and δv in Table 1 according to Eq. (9). The initial gyro bias,
true scale factors, and true misalignments shown in Table 1 were
chosen randomly from a uniform distribution on [−L , L], where
L is shown in Table 1. The true gyro bias varies according to a
rate random walk process, which is driven by a white noise of
variance σ 2

rrw = (2/τs)σ
2
s , where σs = 0.05 deg/h (arcsec/s) is the

bias stability and τs = 3600 s is the stability interval. The angle-
random-walk process is driven by a white noise of standard devia-
tion σarw = 0.005 deg/h1/2 and the angle white noise at the output of
the gyros has a standard deviation of 0.2 arcsec. The gyro sampling
rate is 100 Hz. Note that these are not the SIRU noise specifications;
they were instead chosen to be the same noise parameters used in
Refs. 1 and 2.
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The star trackers are mounted orthogonally with nominal mount-
ing quaternions

qs1
b =




0.1207549821894208

−0.4456792768263646

0.2319681614447059

0.8561419216461720




qs2
b =




0.4456792768263646

−0.1207549821894208

0.8561419216461720

0.2319681614447059


 (62)

The misalignment vector for star tracker 2 is δs2 = [2900, −1500,
800]T arcsec. Star tracker 1 defines the body reference frame, so its
misalignment is zero (δs1 = 0) and the initial standard deviation of
error of the estimate is set to 0.1 arcsec. This value is nonzero to avoid
making the initial covariance matrix singular but is small enough that
the tracker 1 alignment estimate remains close to zero. It is a matter
of convenience to retain an alignment vector in the calibration filter
for all attitude sensors even though one is redundant. The accuracy of
the star trackers is 6 arcsec cross-boresight and 37 arcsec around its
boresight. The star tracker measurements are sampled at 1 Hz. Note
that the true calibration parameters in Table 1 and the star tracker
misalignments given earlier are large and can occur in practice.

Table 1 True RIMU parameter values

Bias b, ssf λ, asf µ, δu , δv ,
Axis deg/h ppm ppm arcsec arcsec

1 −1.575 −140.2 −963.0 2101.9 −678.9
2 1.768 3913.0 642.8 3037.0 3135.4
3 0.589 2621.0 −110.6 1715.1 3001.7
4 −1.253 −435.3 230.9 −2330.9 −646.0

L 2.0 5000.0 1000.0 3600.0 3600.0

Table 2 Star tracker alignment estimation performance

Alignment, arcsec

Star tracker x axis y axis z axis

1
Alignment estimate 0.0 0.0 −0.0
Estimation error −0.0 −0.0 0.0
Standard deviation 0.1 0.1 0.1

2
Alignment estimate 2899.7 −1500.4 799.5
Estimation error 0.3 0.4 0.5
Standard deviation 0.4 0.5 0.6

Table 3 RIMU calibration performance

Partial observability Full observability

Bias b, ssf λ, asf µ, δu , δv , Bias b, ssf λ, asf µ, δu , δv ,
Axis deg/h ppm ppm arcsec arcsec deg/h ppm ppm arcsec arcsec

1
Estimate −2.026 −1022.4 −954.6 2019.9 −869.7 −1.675 −143.9 −954.7 2101.2 −680.4
Error 0.317 882.2 −8.4 82.0 190.7 −0.034 3.8 −8.2 0.7 1.5
Std dev 0.792 963.8 19.3 167.7 239.9 0.024 9.5 17.1 1.8 2.4

2
Estimate 1.420 2951.4 635.1 3193.7 3265.0 1.786 3925.5 636.2 3037.5 3133.9
Error 0.395 961.6 7.7 −156.6 −129.6 0.029 −12.6 6.5 −0.5 1.5
Std dev 0.828 1003.0 15.4 257.0 171.7 0.022 10.4 13.9 2.4 1.6

3
Estimate 0.245 2220.7 −118.8 1448.3 3080.2 0.607 2614.9 −114.1 1711.7 3001.3
Error 0.348 400.3 8.1 266.8 −78.5 −0.013 6.1 3.5 3.4 0.4
Std dev 0.823 1102.7 14.6 244.4 158.9 0.023 9.9 13.4 2.4 1.6

4
Estimate −1.794 1851.7 234.2 −2476.7 −720.1 −1.170 −424.5 251.1 −2327.1 −649.7
Error 0.630 −2287.1 −3.4 145.9 74.1 0.006 −10.9 −20.2 −3.8 3.6
Std dev 1.423 2424.5 41.5 302.6 258.7 0.026 13.5 29.2 1.9 1.5

The initial attitude estimate is the first quaternion measurement
transformed to body coordinates. The initial attitude error covari-
ance is the 3 × 3 measurement noise covariance plus the covariance
of the misalignment of the tracker used for initialization. This total
covariance is then transformed to body coordinates. The initial esti-
mates of the parameters are zero and their variance is (3σ)2 = 3L2,
where σ 2 = L2/3 is the variance of a uniform distribution with
L shown in Table 1. For the star tracker misalignment we have
L = 3600 arcsec.

The standard deviation of the process noise for all parameters,
except the gyro bias, has the value 0.001 (ppm/s1/2 or arcsec/s1/2

as appropriate for each parameter). This value is small enough so
that it does not significantly influence the estimates, but is large
enough to avoid potential numerical problems by preventing the
covariance of any parameter estimate from becoming too small. A
square-root formulation of the covariance and gain equations is used,
so numerical problems are not likely to occur. Potential problems
due to linearization error have not arisen, but if they occur they can
be eliminated by local or global relinearization.

Calibration Maneuver
The calibration maneuver, which is aptly described as a

“corkscrew” maneuver, exhibits a sinusoidally varying angular rate
in each body axis. The angular rate vector is

ωb(t) =


ωox sin(2π
x t)

ωoy sin(2π
y t)

ωoz sin(2π
z t)


 (63)

where [ωox , ωoy, ωoz] = [0.3464, 0.2828, 0.2] deg/s and [
x ,

y, 
z] = [0.00318, 0.00212, 0.00105] Hz. The duration of the ma-
neuver is t f = 4000 s. This maneuver ensures that the dynamic ob-
servability condition ∫ t f

0

ωb(ωb)T dt > 0

is satisfied. A large variety of maneuvers exist that satisfy this con-
dition and are suitable for this example. A discussion of calibration
maneuvers is beyond the scope of this paper.

Calibration Filter Results
The calibration filter was run both without and with the null-space

measurement update to illustrate the lack of observability discussed
in the Introduction. These cases will be referred to as partial and full
observability. The same pseudorandom noise sequence was used in
each case. Results are shown in Figs. 2 and 3. Estimation errors and
the ±1σ accuracy bounds are shown in the graphs. The ±1σ bounds
are from the square root of the diagonal of the filter’s covariance ma-
trix. The final parameter estimates, estimation errors, and standard
deviation of error are shown in Tables 2 and 3 for one realization.
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a) Angular rate (deg/s)

b) Attitude estimate error (arcsec)

c) Star tracker 2 alignment (arcsec)

d) Star tracker 2 residuals (arcsec)

Fig. 2 For both partial and full observability: a) calibration maneuver, b) attitude estimation performance, c) star tracker calibration performance,
and d) star tracker residuals.

The attitude estimation error, star tracker misalignment estimate
error, and star-tracker measurement residuals are identical with par-
tial observability (no null space update) and full observability (with
the null space update) as shown in Fig. 2 and Table 2. Those re-
sults show good convergence of the estimation error and standard
deviation of error in the attitude and star tracker 2 misalignment
estimates. The measurement residuals of both star trackers are zero
mean with covariance predicted by the filter. (The residuals from
star tracker 1 are not shown.) The final estimates of the gyro bias,
scale factors, and misalignment estimate errors and their standard
deviations are shown in Table 3 for the cases of partial and full ob-
servability. The results show that when the null-space measurement
update is not performed, the parameter estimate errors, except for
the asymmetric scale factor estimate error, do not converge to small
values, whereas they do converge to small values when the null-
space measurement update is performed. Representative graphs of
convergence of the parameter estimation error and standard devi-
ations for the two cases are shown in Figs. 3a and 3b, where the
convergence of δv is shown. When the filter is not updated with
the null-space measurement, the null-space measurement residual
shown in Fig. 3c is about 5 arcsec peak and varies with angular

rate (it reaches a periodic steady state after 4000 s) and has a corre-
sponding standard deviation as predicted by the filter, even though
the attitude estimation error in Fig. 2b does not show any rate depen-
dency. This indicates that the calibration parameters converged in
the left range space of G but not completely in the left null space of
G. The fact that they converged at all in the left null space is possibly
due to G changing as the RIMU parameters converged. Figure 3d
shows that the null-space measurement residuals are small, zero
mean, and uncorrelated when the filter is updated with the null-space
measurements.

In the partially observable case, the bias estimate error lies mostly
in the null space. From the data in Table 3, we find that the norm of
the bias error vector is 0.881 deg/h. The norm of the projection of the
bias error vector onto the left null space of G is 0.879 deg/h and the
norm of its projection (via I − NNT ) onto the left range space of G
is 0.0470 deg/h, which is very close to the corresponding result in
the fully observable case presented next.

In the fully observable case, the norm of the bias error vector is
0.0469 deg/h. The norm of the projection of the bias error vector
onto the left null space of G is 0.0025 deg/h and the norm of its
projection onto the left range space of G is 0.0468 deg/h.
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a) Partial observability: δv estimate error (arcsec) b) Full observability: δv estimate error (arcsec)

c) Partial observability: null-space residual (arcsec) d) Full observability: null-space residual (arcsec)

Fig. 3 RIMU calibration performance with partial and full observability.

Summary
The calibration filter for redundant inertial measurement units

(RIMUs) developed in this paper accurately estimates calibration
parameters based on a fully observable calibration model operating
in the “model replacement” mode (where the gyro measurements
replace the dynamics model for angular rate). The calibration pa-
rameters of a RIMU are not fully observable in attitude. This is not
related to dynamic observability, which requires angular rates that
satisfy a dynamic observability criterion. Full observability of the
calibration parameters is achieved with a null-space measurement
equation, together with the attitude measurement model and attitude
dynamics model. The dimension of the null space is n − 3, where
n is the number of sense axes in the RIMU. Calibration filter per-
formance without and with the null-space measurement update is
demonstrated with simulation results. These results illustrate that the
parameters are not estimated well with attitude measurements alone
but can be estimated accurately via null-space measurement updates.
The cost of obtaining complete observability is n − 3 scalar null-
space measurement updates each filter cycle (or less frequently).
The square-root implementation of the calibration filter is efficient
and numerically reliable, and therefore is suitable for on-orbit real-
time calibration and attitude determination. A low-order attitude
determination filter is obtained by simply eliminating some of the
calibration parameters.

Multiplication of the null-space measurement equation by the
null-space matrix gives the equation for parity residuals, which are
commonly used in navigation systems for fault detection and isola-
tion. The calibration filter for RIMUs provides more reliable fault
detection by allowing a smaller fault detection threshold in the pres-
ence of wide parameter variations. The estimated parameters can
also be trended or compared to limits to detect degradation or failure.

The concept of the null-space measurement equation can be ex-
tended to a redundant accelerometer suite in a navigation system

where similar null-space observability exists. The null-space ac-
celerometer measurements, together with position or velocity
measurements (e.g., global positioning system measurements or
Doppler measurements) provide full observability of the calibra-
tion parameters.

Appendix A: Relationship Between the Null-Space
Measurement and Parity Residuals

Parity residuals are commonly used in aircraft and rocket nav-
igation systems for fault detection and isolation (FDI). The parity
equation is given by

ρ = NTωm = NT (Gωb − β − η) (A1)

whereβ= 0 in the absence of a failed gyro andβ 	= 0 in the presence
of a failure, and NT G = 0. This is essentially Eq. (29b) with p = 0
and ρ= −NTη in the absence of failure. The body angular rate
is computed from the gyro measurements by ω̂b = G†ωm . Parity
residuals are computed as

ωm − Gω̂b = ωm − GG†ωm = Nρ (A2)

Likelihood ratio tests are generally used to detect when β 	= 0; see
Refs. 6–8 and references therein.

Equation (28) can be manipulated to obtain

ωm = WTωb − β − η (A3)

where, in the absence of failure but in the presence of miscalibration,

β = b + [W(Λ + M) + U∆′
v + V∆′

u]Tωb (A4)

where ∆′
u =∆u(I −Λ− M) and ∆′

v =∆v(I −Λ− M).
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As can be seen from the foregoing, the gyros must be calibrated;
otherwise the term NTβ 	= 0 will interfere with the failure detection
test. Kalman filter and other approaches to parity vector compensa-
tion, based only on gyro measurements, have been reported in the
literature,9,10,32−34 where it is recognized that a linear combination
of the calibration parameters p is unobservable. FDI with attitude,
range, and velocity sensors in navigation systems is discussed in
Ref. 8.

Appendix B: Relationship Between G†
ΣΣ and G†

and Between NΣΣ and N

In this Appendix we show the relationship between G†
� and G†

and between N� and N. We have defined G� = X−1G and the fac-
torization XXT =Σ. We then have Σ−1 = (X−1)T X−1. From these
definitions and the definition of the pseudoinverse (see Ref. 20,
p. 243) we have

G†
� = (

GT
�G�

)−1
GT

�

= (
GT (X−1)T X−1G

)−1
GT (X−1)T

= (GT Σ−1G)−1GT Σ−1X (B1)

This shows that G†
� is simply a weighted pseudoinverse of G. It is

easy to see by direct calculation that G†
�G� = I.

The null-space matrix N� can be written in terms of N as

N� = XT NS−1 (B2)

where ST S = NT ΣN is any convenient factorization of NT ΣN. To
show that N� is a basis for the left null space of G� , it suffices
to show that NT

�G� = 0 and NT
�N� = I, which is a straightforward

calculation.
The purpose of the foregoing was simply to show some relation-

ships, not to suggest a means of computing G†
� and N� . These are

most easily and most accurately computed by the QR decomposition
of G� (see Ref. 20, pp. 211–236).
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